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DOMAIN 



ALEXANDER PUSHNITSKI AND GRIGORI ROZENBLUM 



Abstract. We consider the Schrodinger operator with a constant 
magnetic field in the exterior of a compact domain on the plane. 
The spectrum of this operator consists of clusters of eigenvalues 
around the Landau levels. We discuss the rate of accumulation of 
eigenvalues in a fixed cluster. 



1. Introduction 

1.1. Preliminaries. The Landau Hamiltonian describes a charged 
particle confined to a plane in a constant magnetic field. The Lan- 
dau Hamiltonian is one of the earliest explicitly solvable quantum me- 
chanical models. Its spectrum consists of the Landau levelsj^ infinitely 
degenerate eigenvalues placed at the points of an arithmetic progres- 
sion. 

In [7j, the Landau Hamiltonian was considered in the exterior of a 
compact obstacle. Introducing the obstacle produces clusters of eigen- 
values of finite multiplicity around the Landau levels. Various asymp- 
totics (high energy, semiclassical) of these eigenvalue clusters were stud- 
ied in [7]. In this paper we focus on a different aspect of the spectral 
analysis of this model: for a fixed eigenvalue cluster, we consider the 
rate of accumulation of eigenvalues in this cluster to the Landau level. 
We describe this rate of accumulation rather precisely in terms of the 
logarithmic capacity of the obstacle. 

Our construction is motivated by the recent progress in the study of 
the Landau Hamiltonian on the whole plane perturbed by a compactly 
supported or fast decaying electric or magnetic field, see [m [131 El [IS] . 
In particular, we use some operator theoretic constructions from [H] 
and [13] and some concrete analysis (related to logarithmic capacity) 
from P|. 

1.2. The Landau Hamiltonian. We will write x = (xi,X2) G 
and identify with C in the standard way, setting z = xi + 1x2 G C. 
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^It is a little known fact that this was worked out by Fock two years before 
Landau; see [31[H]. 
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The Lebesgue measure in will be denoted by dx and in C by dm{z). 
The derivatives with respect to Xi, X2 are denoted by = d^^; we set, 
as usual, B = {di + 182)/ 2, d = {di — 182)/ 2. 

We denote by i? > the magnitude of the constant magnetic field in 
M^. We choose the gauge A{x) = {Ai{x) , A2{x)) = {—^Bx2, ^Bxi) for 
the magnetic vector potential associated with this field. The magnetic 
Hamiltonian on the whole plane is defined as 

Xo = -{V -iAy mL^R^). (1.1) 

More precisely, for u G C^(]R^) we set 

= / \iVu{x) + A{x)u{x)f dx (1.2) 

and define Xq as the selfadjoint operator which corresponds to the 
closure of the quadratic form , u G C^(M^). 

It is well known (see or ^U\) that the spectrum of Xq consists 

of the eigenvalues Ag = {2q + 1)5, g = 0, 1, . . . , of infinite multiplicity. 
In particular, we have 

\\u\\]j,^> B\\u\\l2, ueC^i^^). (1.3) 

We will denote by Cq the eigenspace of Xq corresponding to Ag and 
by Pq the operator of orthogonal projection onto Cq in L^(M^). Later 
on, we will need an explicit description of Cq, this will be discussed in 
section 14. 2[ 

Let f2 C be an open set. In order to define the magnetic Hamil- 
tonian in fi, it is convenient to consider the associated quadratic form. 
Following [T^, we denote by H\{VL) the closure of C^iVL) with respect 
to the norm The quadratic form is closed in L^(f2) and 

(by (11. 3p ) positively defined. This form defines a self-adjoint opera- 
tor in which we denote by X{Vl). If Vl is bounded by a smooth 
curve, then the usual computations show that this definition of X(f2) 
corresponds to setting the Dirichlet boundary condition on dVL. The 
operator Xq corresponds to taking i7 = in the above definitions. 

1.3. Main results. Let C be a compact set and K'^ its comple- 
ment. Our main results concern the spectrum of the operator X{K'^). 
First we state a preliminary result which gives a general description of 
the spectrum of X{K'^). This result is already known (see [7]) but as 
part of our construction, we provide a simple proof in Section II. 4[ 

Proposition 1.1. Let K dM? he a compact set. Then 

ae..(X(K^)) = aess{XQ) = U^o{A J, A, = (2g + l)B. 

Moreover, for all q and all A G (Ag_i, Ag) the number of eigenvalues of 
X{K'^) in (A,Ag) is finite. 
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In other words, the last statement means that the eigenvalues of 
X(i^'^) can accumulate to the Landau levels only from above. 

For all g > 0, we enumerate the eigenvalues of X{K^) in (Ag, Ag+i): 

A?>A^>... 

Proposition 11.11 ensures that — > as n oo. Below we describe 
the rate of this convergence. Roughly speaking, we will see that for 
large n, 

n hn 

^ < A^ - A, < - (1.4) 

with some a, b depending on K. In order to discuss the dependence of 
a, b on the domain K, let us introduce the following notation: 

A,(ir)=limsup[n!(A^-A,)]V", 

(1.5) 

5,(K)=liminf[n!(A^,-A,)]i/". 

n^oo 

The estimates for these spectral characteristics will be given in terms 
of the logarithmic capacity of K which is denoted by Cap (K). For the 
definition and properties of logarithmic capacity, we refer to [11]. We 
will also need a version of inner capacity, which we denote by Cap _ (K) 
and define by 

supjCap S \ S G K is a. domain with a Lipschitz boundary}. 

By Pc{K) we denote the polynomial convex hull of K. Pc{K) can be 
alternatively described as the complement of the unbounded connected 
component of K'^. It is well known that Cap (i^T) = Cap (Pc(i^')) for 
any compact K. 

Theorem 1.2. Let K G M."^ be a compact set; then for all q > one 

has 

A,(ir)<|(Cap(ir))^ 

S,{K)>^{Cap_{Pc{K))y. 

The lower bound in the above theorem is strictly positive if and 
only if the compact K has a non-empty interior. In particular, for 
such compacts the number of eigenvalues A^, A2, ... is infinite for each 
q. However, even for some compacts without interior points, lower 
spectral bounds can be obtained. In particular, this can be done for 
the compact K being a smooth (not necessarily closed) curve. 

Theorem 1.3. Let K G M."^ be a C°° smooth simple curve. Then for 
all q >0, one has 
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Remark. (1) One can prove that 

if Cap (K) = 0, then C^{K') is dense in H\{R'^). (1.6) 

It follows that for K of zero capacity, H\{K'^) = H\{M.'^) and 
therefore X{K'^) = Xq. Thus, for such K the spectrum of 
X{K'^) consists of Landau levels Ag. 

The statement fll.6l) seems to be well known to the experts in 
the field although it is difficult to pinpoint the exact reference. 
One can use the argument of [1], Theorem 9.9.1; this argument 
applies to the usual Sobolev norm, but it is very easy to 
modify it for the norm H\. In this theorem the Bessel capacity 
rather than the logarithmic capacity is used; however, the Bessel 
capacity of a compact set vanishes if and only if its logarithmic 
capacity vanishes. In order to prove the latter fact (again, well 
known to experts) one has to combine Theorem 2.2.7 in f[\ and 
Sect.II.4 in [11]. 

We do not know whether it possible for Ag to remain eigenvalues 
of X^K") of infinite multiplicity if Cap (K) > 0. 
Following the proof of Theorem 11.21 and using the results of 
^3j, it is easy to show that for g = 0, the lower bound in this 
theorem can be replaced by the following one: 

5o(i^)>|(Cap(;r_))^ 

r ^ M- logm{Pc{K)nDr{z)) . 

K_ = {z e C \ hmsup — — ^ — — < cx)}, 

r^+o log r 

where Dr{z) = {( E C \ \( — z\ < r} , and m(-) is the Lebesgue 
measure. 

(4) Analysing the proof of Theorem 11.31 it is easy to see that if we 
are only interested its statement for finitely many q, it suffices 
to require some finite smoothness of the curve K. 

1.4. Outline of the proof. Let us write L'^(R'^) = L'^{K^) © L'^{K). 
(If the Lebesgue measure of K vanishes then, of course, L'^{K) = {0}.) 
With respect to this decomposition, let us define 

R{K') = X{K')-^ © in L2(m2) = l^{^k') © L'iK). (1.7) 

Clearly, for any A 7^ we have 

A G (t(X(K^)) ^ A-^ G (y{R{K^)) (1.8) 

with the same multiplicity. Thus, it suffices for our purposes to study 
the spectrum of the operator R{K^). 

First note that in the "free" case i^T = we have /^(IR^) = 
and the spectrum of Xq"^ consists of the eigenvalues A~^ of infinite 
multiplicity and their point of accumulation, zero. 
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Next, it turns out (see section [S]) that 

R{K^) = Xq'^ - W, where W > is compact. (1.9) 

Thus, the Weyl's theorem on the invariance of the essential spectrum 
under compact perturbations ensures that cress(-R(-^'^)) = o'essi^o^)- 
Moreover, a simple operator theoretic argument (see e.g. [2, Theo- 
rem 9.4.7]) shows that the eigenvalues of R{K'^) do not accumulate 
to the inverse Landau levels from above. Thus, the spectrum of 
R{K'^) consists of zero and the eigenvalue clusters {(A^)^\ ('^2)~^ • • • } 
with the eigenvalues in the g'th cluster accumulating to A~^. In sec- 
tion [23] we show that the rate of accumulation of (A^)~^ to can 
be described in terms of the spectral asymptotics of the Toeplitz type 
operator PgWPq] here W is defined by (11.91) and Pq is the projection 
onto Cq = Ker (Xq - Aq) = Ker (X^^ - A^^). 

The spectrum of PqWPq is studied in sections S] and El using the 
results of [3]. 

1.5. Acknowledgements. A large part of this work was completed 
during the authors' stay at the Isaac Newton Institute for Mathemat- 
ical Sciences (Cambridge, UK) in the framework of the programme 
"Spectral Theory and Partial Differential Equations" . It is a pleasure 
to thank the Institute and the organisers of the programme for provid- 
ing this opportunity. The authors are also grateful to Uzy Smilansky 
for useful discussions. 

2. Some abstract results 

Here we collect some general operator theoretic statements that are 
used in the proof. The statements themselves, with the exception of 
the last one, are almost obvious, but spelling them out explicitly helps 
explain the main ideas of our construction. 

2.1. Quadratic forms. Our arguments can be stated most succinctly 
if we are allowed to deal with quadratic forms whose domains are not 
necessarily dense in the Hilbert space. Here is the corresponding ab- 
stract framework; related constructions appeared before in the litera- 
ture; see e.g. [T6] . 

Let a be a closed positive definite quadratic form in a Hilbert space 
Ti with the domain d[a]. Let the closure of d[a] in Ti. be Tia- Then 
the form a defines a self-adjoint operator A in Ha- Let Ja : Ha H 
be the natural embedding operator; its adjoint J* : H ^ Ha acts as 
the orthogonal projection onto the subspace Ha of H. The operator 
JaA~^J* in H can be considered as the direct sum 

JaA'^J* = A'^ © in the decomposition H = Ha® H^] 
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here we have in mind fll.7l) . Now let b be another closed positive def- 
inite form in H and let B, d[b], Hb, Jb be the corresponding objects 
constructed for this form. 

Proposition 2.1. Suppose that d[b] C d[a] and b[x,y] = a[x,y] for all 
x,y E d[b]. Then: 

(i) JbB-\Jl < JaA-^Jl on H; 

(ii) if X E d[b] fl Dom(y4), then x G Dom(i?), Bx = Ax, and 
JbB-^J*Ax = JaA-^J*Ax. 

Proof. It suffices to consider the case Ha = Ti.. 

(i) The hypothesis implies 

x] = a[JbX, Jbx] for all x G d[b]. 

This can be recast as = ||y4^/^ Jfex||, x G d[b]. It follows that the 

operator A^/'^JbB~^^^ is an isometry on T-Cb and therefore A^^'^JbB~^^'^J^ 
is a contraction on H. By conjugation, we get that || JbB~^^'^J^A^/'^z\\ < 
\\z\\ for all z G d[a]. The last statement is equivalent to \\JbB~^^'^J^u\\ < 
\\A^^^'^u\\ for all u E H, and so JbB^^J^ < A^^ as required. 

(ii) Let y G d[b]; then 

b[x,y] = a[x,y] = iAx,y), 

and so a; G Dom(i?) and Bx = Ax. Next, JaA'^J*Ax = A~^Ax = x, 
and 

JbB'^J^Ax = .JbB~^.J^Bx = .JbB'^Bx = JbX = x, 
which proves the required statement. □ 

2.2. Shift in enumeration. The asymptotics of the type discussed 
in Theorems 11.21 and 11.31 is independent of a shift in the enumera- 
tion of eigenvalues. This is a consequence of the following elementary 
fact. Let &i > &2 > • • • be a sequence of positive numbers such that 
limsup„^^[?T.!6„]^/" < oo. Then for all £ G Z, 

hm = lim ('^^1 V^ (2.1) 

n^oo ml J n^oo [ ml J 

2.3. Accumulation of eigenvalues. Having in mind (11.91) . let us con- 
sider the following general situation. Let T be a self-adjoint operator 
and let A be an isolated eigenvalue of T of infinite multiplicity with 
the corresponding eigenprojection Pa- Let r > be such that 

((A - 2r, A + 2r) \ {A}) n a{T) = 0. 

Next, let ly > be a compact operator; consider the spectrum of 
T — W. The Weyl's theorem on the invariance of the essential spectrum 
under compact perturbations ensures that 

((A - 2r, A + 2r) \ {A}) n a,ss{T - W^) = 0. 
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Moreover, a simple argument (see e.g. [21 Theorem 9.4.7]) shows that 
the eigenvakies of T — do not accumulate to A from above (i.e. 
(A, A + e) n (T(r - H^) = for some e > 0). 

We will need a description of the eigenvalues of T — W below A in 
terms of the eigenvalues of the Toeplitz operator P\WPa- Let /ii > 
/i2 > ■ ■ ■ be the eigenvalues of PaWP\] in order to exclude degenerate 
cases, let us assume that this operator has infinite rank. Let Ai < A2 < 
■ ■ ■ be the eigenvalues of T — in the interval (A — r. A). 

Proposition 2.2. Under the above assumptions, for any e > there 
exists £ G Z such that for all sufficiently large n, one has 

(1 - e)/i„+f < A - A„, < (1 + e)/i„_£. 

The proof borrows its key element from [HI Lemma 1.1]. An alterna- 
tive proof can be found in [T^ Proposition 4.1]. 



Proof. 1. We denote S = T — W and Qa = I ~ Pk and consider the 
operators 



and 



R± = ^PaWPa + -QaWQa ± {PaWQa + QaWPa 
e 



S± = Pa{T - (1 ± e)W)PA + Qa{T - (1 ± -)W)Qa. 

e 



We have 

S = S-^- + i?_ = — 

2. Since W is compact, the operators R± are also compact. Since 
R± can be represented as 

R± = iVePA ± -^QA)W{V~ePA ± ^Qa) 

and > 0, we see that i?± > 0. 

3. Let us discuss the spectrum of S± in (A — r. A). Clearly, the 
spectrum of Pa(T - (1 ± e)W)PA = APa - (1 ± e)PAWPA consists of 
the eigenvalues A — (1 ± e);U„. Next, since by assumption, T If^^^ng^ 
has no spectrum in (A — 2r, A + 2r) and W is compact, we see that 
Qa{T-{1±\)W)Qa\ 

RanoA only finitely many eigenvalues in the 
interval (A — r, A + r). Since the operators Pa(P — (1 ± e)W)PA and 
Qa(T — (1 ± \)W)Qa act in orthogonal subspaces of our Hilbert space, 
the spectrum of S± is the union of the spectra of these operators. 

So we arrive at the following conclusion. Let i^f < < • • • denote 
the eigenvalues of S± in (A — r. A). Then 

I/+ = A - (1 + e)/i„_i, i/^ = A - (1 - e)/x„_,-, (2.2) 

for some integers i,j and all sufficiently large n. 

4. Let us prove that A„ < i^^+k f*^^ some integer k and all sufficiently 
large n. Denote 5 = (Ai — A + r)/2 and let us write i?+ = R^^^ + R^^\ 
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where < < 61 and ranki?_ < oo. Denote by Ns{a,P) the 
number of eigenvalues of S in the interval {a, (3). Writing S = — 
i?^^^ - R^^\ we get for any A G (Ai, A): 

Ns{A-r,X)=Ns{Xi-26, A) 

- - 25, A) - ranki?L^^ > iVs_(Ai - 5, A) - ranki?L^\ 

The second inequality above follows from a{R^^^) C [0,5] (see [2], 
Lemma 9.4.3]). These inequalities for the eigenvalue counting func- 
tions can be rewritten as A„ < 2^"^.^ with some integer k. 

In the same way, one proves that A„ > i^^-k large n and some 
integer k. Taken together with fl2.2p . this yields the required result. □ 



3. Preliminaries and reduction to Toeplitz operators 

Let C be a compact set; we return to the discussion of the 
spectrum of X{K'^) and start with some general remarks. 

First we would like to point out that the spectral asymptotics that 
we are interested in is independent of the "holes" in the domain K: 

5,{K) = S,{Pc{K)), A,{K) = Ag{Pc{K)). (3.1) 

Indeed, let us write K'^ = QU SS, where Q is the unbounded connected 
component of K'^ and Q and SS are disjoint. With respect to the 
direct sum decomposition L'^{K'^) = L'^{Q)(BL'^{SS), we have X{K'^) = 
X{fl) © X{SS). By the compactness of the embedding H\{SS) C 
L'^{SS), the operator X{SS) has a compact resolvent. Thus, on any 
bounded interval of the real line the spectrum of X{K'^) differs from 
the spectrum of X{Q) by at most finitely many eigenvalues. By fl2.ll) . 
this yields f lTTll . 

Next, we apply the abstract reasoning of section [2?T] to the quadratic 
form a[u] = with domain d[a] = H\{K^), considering L^(M^) 

as the main Hilbert space Ti. We consider the operator R{K'^) (see 
( |L71) ) and write R{K^) = X^^ - W. Proposition O suggests that 
in order to find the rate of accumulation of the eigenvalues of R{K'^) 
to A~^, one should study the spectrum of the Toeplitz type operators 
PqWPq. This is done in the next section. Denote hj f^l > fj,l > . . . the 
eigenvalues of PqWPq. We will prove 

Proposition 3.1. Let K C be a compact set and q >0. Then 
limsup(n!/x^)V-<|(Cap(ir))^ 

n— >oo ^ 

liminf(n!/i^)^/" > ^{Cap_{K)Y. 

n— >oo 2 
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If K is a C°° smooth curve, then one has 

lim (n!/i^)V" = |(Cap(ir)f. 

Now we can prove our main statements. 

Proof of Theorem \l.l\ and Theorem \1.2[ Combining Proposition 13.11 
Proposition 12.21 and (13.11) . we get the estimates for the quantities 

hm sup[n!(A-i - (A^J-i)]V« < |(Cap {Xyf, 
hm inf[n!(A-i - (A^)"^)]^/" > f (Cap _(Pc(ir))2 

n—>oo Z 

for any compact K. If is a smooth curve, we get 
lim[n!(A-^-(A^)-^)]i/" = |(Cap(K))l 
An elementary argument shows that 

This yields the required statements. □ 

Proof of (11.91) . Let D be a disc such that K C D. By Proposi- 
tion [2III^i), we get 

and so 

<Xq^ - R{K'') <X^^ - R{D^). (3.2) 

Thus, W = Xo^ - RiK") is non-negative; let us address compactness. 

It is well known that if < Vi < V2 are self-adjoint operators and 
V2 is compact, then Vi is also compact. Thus, by (13.21) . in order to 
prove the compactness of W ^ it suffices to check that X^^ — R{D'^) is 
compact. 

Let r = dD. Employing the same arguments as in the proof of (13.11) . 
we see that X(r'^)~^ — R{D^) is the inverse of the magnetic operator 
on the disc and hence a compact operator. Thus, it suffices to prove 
that the difference 

Xq-' - X(r")-i = (Xq-^ - R{D')) - {X{T')-^ - RiD")) 

is compact. 

Let us compute the quadratic form of this difference. Let f,g& 
L^R"^), Xq-V = u, X(T^)~^g = v. We have 

((Xq-i -X(P)-i)/,^?) = {u,X{nv) - {XoU,v). 

Integrating by parts and noting that v G Dom(X(r'^)) vanishes on F, 
we get 

{u,X{T^)v) - {Xou,v) = / {nAv{s)^ + nAv{sy)u{s)ds (3.3) 
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where n^f (s) = (V — iA{s))v ■ n(s), n(s) is the exterior normal to F 
at the point s and the superscripts + and — indicate that the hmits 
of the functions are taken on the circle F by approaching it from the 
outside or inside. 

Take a smooth cut-off function uj G C^(M^) such that uj{x) = 1 
in the neighborhood of D. Then we can replace u,v by ui = uu, 
Vi = ujv in the r.h.s. of (13.31) . By the local elliptic regularity we have 
Ui G i/^(M^), Vi G if^(F'^), and the corresponding Sobolev norms of 
«i, Vi can be estimated via the L^-norms of f,g. Now it remains to 
notice that the trace mapping ui i— > Mi|r is compact as considered 
from if^(M^) to L'^iV), and the mappings Vi h-^ (jt-a^i)^ are compact 
as considered from H'^iV'^) to L'^iT). It follows that the difference 
Xq"^ — XiyV)'^ is compact, as required. □ 

4. The spectrum of Toeplitz operators 

4.1. Restriction operators and the associated Toeplitz opera- 
tors. Let yU be a finite measure in with a compact support. Consider 
the restriction operator 

7o : C^(M^) 3u^u |s«pp{^)G L^{^^). 

We are interested in two special cases, namely when ^ is the restriction 
of the Lebesgue measure to a set with Lipschitz boundary and when 
/i is the arc length measure on a simple smooth curve. In both cases 
7o can be extended by continuity to a bounded and compact operator 
^■.H\{^^)^L\^^). 

Next, let J : H\{R^) — > L^(]R^) be the embedding operator, J : u ^ 
u. Then the adjoint J* : ^^(M^) ^ H\{^^) acts as J* : m ^ Xq'^'^u. 

For g > 0, consider the operators Tg{^) in L^(]R^) defined by the 
quadratic form 

(T,(/iKn)i2(K2) = [ \{P^u){x)\^dfiix), nGL2(M2). 

^SUpp A* 

This operator can be represented as 

T,(/i) = i^rxo'^'p,niJ*Xo'/'p,) = A,i^ rp,n^ J* p,). 

Since 7 is compact by assumption, the operator Tq{fi) is also compact. 
Fix g > 0; let > S2 > . . . be the eigenvalues of Tg(yu) in L^(]R^). 

Proposition 4.1. (i) Let ^ he the restriction of the Lebesgue measure 
onto a bounded domain K CM."^ with a Lipschitz boundary. Then 

lim {nlsiy/'" = -{Cap{K)f. 

n— >oo 2 

(a) Let n be the arc length measure of a C°° smooth curve. Then 
lim (n!4)i/" = ^(Cap (supp/i))^. 

n— >oo 2 
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Before proving this proposition, we need to recall the description of 
the subspaces Cq. 

4.2. The structure of subspaces Cq. Denote ^{z) = ^B\z\'^. Let us 
define the creation and annihilation operators (first introduced in this 
context by Fock |5j) 

O = -2ie-*9e* = -2id - ^iz 

O* = -2ie^de-^ = -2id + ^iz. 
The Landau Hamiltonian can be expressed as 

Xo = 13*0 + 5 = nn* - 5. (4.1) 

The spectrum and spectral subspaces of Xq can be described in the 
following way. The equation (Xq — B)u = is equivalent to 

This means that / = e^u is an entire analytic function such that 
e~*/ e L^(C). The space of such functions / is called Fock or Segal- 
Bargmann space JF^ (see [6] for an extensive discussion). So Co = 
e~*jF^. Further eigenspaces Cq, q = 1,2,..., are obtained as Cq = 
(n*)^£o- The operators £3*, £3 act between the subspaces Cq as 

: Cq ^ Cq+i, n-.Cq^Cq-i, 0:£o^{O}, (4.2) 

and are, up to constant factors, isometrics on Cq. In particular, the 
substitution 

Cq3u = Cq\£iye-''f, /G^^ C, = vWbF (4.3) 
gives a unitary equivalence of spaces Cq and JF^. 

4.3. Proof of Proposition 14.11 (i) The proof is given in 
Lemma 3.1] for g = and ^ Lemma 3.2] for q > 0. 

(ii) For q = the result again follows from Lemma 3.1 in Al- 
though the reasoning there concerns the operators Tq{v) = {yPq)*[vPq) 
where the function v is separated from zero on a compact, it goes 
through for Tq{fi). Only notational changes are required; one simply 
has to replace the measure v{z)dm{z) by d^{z). 

For q > I below we apply the reduction to the lowest Landau level 
similar to the proof of Lemma 3.2 in [3]. 

Denote djl{z) = e~^^^^dn(z). Applying the unitary equivalence (14.31) . 
we get for u & Cq 

{Tq{^)u,u)L^^^.) = C-2||(29-5^)V|li.(^). (4.4) 

In particular, for g = 

(To(^)«,«)^2(^2) = Co-l/l|i.(^). (4.5) 
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Below we separately prove the upper and lower bound for the quadratic 
form 

1. Upper bound. Consider the open 5-neighborhood Us C of 
the curve T. As it follows from the Cauchy integral formula, for some 
constant Ci{q,6), the inequality 



Wf\\hi,)<C,{q,6) / \f{z)\'dm{z). 

J Us 

holds for all functions / G J-'^. Thus, we have the estimate 
\\i2d-Bzyf\\l.^-^<C,{q,S) [ Ifiz^dmiz). 

J Us 

Using fl4.4l) . fl4.5l) . we arrive at the estimate 

T,ifi)<CTo{Xu^ix)dx), (4.6) 

where Xu^ characteristic function of the set Us- Now we can 

again apply the estimate of [31 Lemma 3.1] to the eigenvalues Si{6) > 
S2(<5) > • • • of To(Xu^ (a;)(ix). This estimate together with (14.61) yields 

hm (n!s„)i/" < lim (n!s„(5))i/" < f (Cap(f/5))^ 

Finally, Cap (Us) Cap (F) as 5 ^ 0, and this proves the upper 
bound. 

2. Lower bound. The lower bound for the spectrum of Tq{fi) requires 
a little more work. Let a : [0, s] —>■ C be the parameterization of F by 
the arc length. Since / is analytic, we have 

{df){a{t))=p{t)jj{a{t)) (4.7) 

with some smooth factor p{t), \p{t)\ = 1. 

Next, due to the compactness of the embedding H^{0, s) C L'^{0, s), 
for any (3 > there exists a subspace of H^{0, s) of a finite codimension 
such that for any u in this subspace, 

u{t)\^dt<[3^ r\u'{t)\^dt. (4.8) 



It follows from (14.71) and (14. 8 p that for any P > there exists a subspace 
of JF^ of a finite codimension such that for any / in this subspace 

\fiz)\'dpiz)<p' !\df{z)\'dp{z). 



Arguing by induction, we obtain that for any /? > there exists a 
subspace N = N{i3, q) C JF^ of finite codimension such that for all 

/eiV(Ag) 



^\d^f{z)\''dp{z)<P^ l\d''f{z)\^dp{z), Vfc = 0,l,...,g-1. (4.9) 



EIGENVALUE CLUSTERS 13 

Using fl4.9l) and choosing j3 sufficiently small, we can estimate the form 
fl4.4p from below as follows: 

9-1 

||(29-5^)V|li.(,)>(||(2WllL^(,)-$^C7,,,||9V||L^(,))' 

k=0 

9-1 
k=0 

for all / G N{P, q). Using fl4.4l) and fl4.5p . we arrive at the lower bound 

T,{fi)>CTM + F 

where F is a finite rank operator. For the eigenvalues of To(/i) 
the required lower estimates are already obtained by reference to [31 
Lemma 3.1]; this completes the proof of the lower bound. □ 

5. Proof of Proposition 13.11 
We will prove separately upper and lower bounds. 

5.1. Proof of the upper bound. 1. Let f/ C be an open bounded 
set with a Lipschitz boundary, K C U, and let u G C^(M^) be such 
that uj\k = 1 and u!\u'= = 0. Denote oj = 1 — u. Note that for any 
ijj ^ Ti, the function ujPgip belongs both to Dom (Xq) and to the form 
domain of X{K'^). Thus, by Proposition I2.1( ii) (with A = Xq and 
B = X{K^)), we have WXouPgip = 0. Thus, we have 

{WPgij,Pgij) = ^{WXoPgtP,XoPgi:) 

9 

= ^{WXo{uj + u)Pgij,Xo{uj + u)Pg^) = ^{WXoooPg^^XoooPgtfj). 

q q 

Since W = X^^ - R{K') < Xq\ we have 

{WXoUjPgi/j,XoiuPg^lj) < iX^'XoUjPg^lJ,XoLuPg^) = ||^P, 
Using (14.11) . we get 

WooPqtpWll^ = m*UjPgtlj\\^ - B\\ujPgij\\^ < \\£l*U0Pg^f 

= \\cu£l*PgiJ - 2tidcu)Pgi;f < 2||n*P,V^||i.(^) + C^WPgi^Wh^uy 

2. Due to the compactness of the embedding Hq{U) C L^{U), for 
any f3 > there exists a subspace of Hq{U) of a finite codimension 
such that for all elements u of this subspace, 

u{x)\^dx<p^ [ \Vu{x)\'^dx = [ \2du{x)\'^dx. 
u Ju Ju 
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Taking j3 sufficiently small, we obtain 

B B 
||n*M||L2(^) > \\2du\\L2{u)~ — \\zu\\L2(^u) > ||2(9m||l2([/)-— sup|z|||m||l2(,7) 

z z u 

B 11 

> (1 - -jPsMz\)\\2du\\L2(u) > -\\2du\\mu) > ^\H\lhu) 

for all u in our subspace. It follows that on a subspace of ip E L^(M^) 
of a finite co dimension, 

(iyp,^,p,^)i2(K2) < 2||n*p,^|ii.(^)+4/5in*p,^||i.(^) < c||p,+i^||i.(^); 

the last inequality holds true by (14.21) . 
Thus, we have 

where xu is the characteristic function of U, and P is a finite rank 
operator. 

3. From Proposition 14. II we get 

limsup(n!^„)^/" < ^P(Cap Uf. 

n— >oo Z 

Since U can be chosen such that Cap U is arbitrarily close to Cap K, 
we get the required upper bound. 

5.2. Proof of the lower bound. 1. Let 7, J, fi be as in section I^?T1 
Consider the quadratic form in L^(R^) 

II«IIm(k2) + / \u{x)\'^dfi{x) = ||Xo/^m||^2(jj2) + ||7'/*^o^^M|li2(K2) 
JsuppM 

defined for u G H\{M.'^). This form is closed and positively defined 
on L^(R^). Denote by X the corresponding self-adjoint operator in 
L2(M2). We have 

X = Xo + Xl'^J^*^rxl'^ = Xq^\I + J7*7J*)Xo/' 
and therefore 

Xq-i - X-' = x,'^'[j-f*-fj*{i + j^*^r)-^]x^"\ 

Since 7 is compact by assumption, we have 77*7 J* < / on a subspace 
of a finite codimension. Thus, 

Xq-i - > ixo-i/V7*7^*Xo-'/' 
on a subspace of finite codimension, and so 

p,(Xo-i - x-i)p, > l-{^rp^y{^rp^) + p (5.1) 

where P is a finite rank operator. 

2. Now let ii' C be a compact with a non-empty interior. Let 
P'l C P' be a set with a Lipschitz boundary. Let /i be the restriction 
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of the Lebesgue measure on Ki. By Proposition 12. . we have Xq ^ > 
X-^ > R{K^). It follows that 

P,iX,' - R{K^))P, > P,iX,' - X-')P,. (5.2) 

From here, using (15.11) and Proposition l4.1( i). we get the required lower 
bound in the first part of Proposition 13. 1[ Finally, consider the case of 
K being a smooth curve. Let fi be the arc measure of the curve. Then, 
again by (15.11) and (15.21) . and applying Proposition I4.1( ii). we get the 
second part of Proposition 13.11 
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